UNIVERSITY OF WISCONSIN AT MILWAUKEE ON GAUSS' AND TCHEBYCHEFF'S QUADRATURE FORMULAS J. GERONIMUS
The well known Gauss' Quadrature Formula is valid for every polynomial G&(#), of degree k£*2n -1, the {£* n) } being the roots of the polynomial P n (#)> orthogonal with respect to the distribution d\l/(x) (i = l, 2, • • • , n; n = l, 2, • • • ).
x If the sequence {P n (x)} is that of Tchebycheff (trigonometric) polynomials, then the Christoffel numbers p\ n \ i = l, 2, • • • , n, are equal, and the two quadrature formulas of Gauss and Tchebycheff coincide:
f °W)#(*) = P nZG*(^n ) ),
The converse-that this is the only case of coincidence of these formulas-was proved by R. P. Bailey [la] and, under more restrictive conditions, by Krawtchouk [lb] (cf. also [2] ). 2 We shall give here four distinct proofs of this statement, without imposing any restrictions on yp(x). I. The first method of proving our statement consists in proving the following theorem.
THEOREM. From the validity of the formula
for k^2, it follows that the {P n {x)} are the Tchebycheff polynomials f so that (6) holds for all integral k.
Introduce the mean of order v of the numbers {$ n) }, i = 1,2, • • •, n :
On equating the coefficients of x n~l and x n~~2 on both sides of the recurrence relation
we get n n n r-1 (9) Ôi sa -J]) «fc, 02 = -S ^* + X) a ' 2 <**> where we let (9') P"(*) = « + 8 X * + «2 * +•••+«». On the other hand
Using (8), (14) and (17), we find that
(18) P n -i{x) = (* -«O^W») -2X n P n _ 3 (a), » -3, 4, • • • , which gives, in conjunction with (16),
(«i -a n )P n -2 (x) = 2X n P w _ 3 (#) -X 2 P n _ 3 (a), n = 3, 4, • • • . This identity, for w = 4, gives a 2 =a, and thus we have arrived again at (12, 120-11 3 . On putting 
